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AN EQUATION FOR THE PROBABILITY DENSITY. VELOCITY.
AND TEMPERATURE OF PARTICLES IN A TURBULENT FLOW MODELLED BY A
RANDOM GAUSSIAN FIELD®

1.V. DEREVICH and L.I. ZAICHIK

The motion and heat exchange of a dispersed admixture of solid particles
suspended in turbulent flow are considered on the assumption that the
volume concentration of the particles is small, so that the role of
collisions between the particles is negligible. The fluctuating motion
of the particles is governed by viscous drag from the surrounding
turbulent flow and by forces of molecular origin which produce Brownian
motion of the particles.

Fluctuations in the particle temperature are caused by fluctuations
in the heat flux to the particles in the random temperature field of the
fluid phase. The turbulent random velocity and temperature fields of
the carrier phase are modelled by a Gaussian random process with a given
autocorrelation function. In spite of the fact that describing a real
turbulent flow by a Gaussian process is a somewhat approximate
procedure, this approach, by virtue of its simplicity, is widely used to
construct equations for probability density distributions for turbulent
flow velocity, and also for studying the turbulent diffusion of passive
admixtures, and hence for admixtures of inertial particles /1-8/.
Brownian motion of the particles is modelled by a Gaussian process that
is & -correlated with time.

A closed equation for the probability density functions (PDFs) of
the velocity and temperature of particles in inhomogeneous turbulent
flow is constructed using the method of functional differentiation; on
the basis of the PDF equations a system of equations for the first and
second moments of the fluctuations of the dynamic and thermal
characteristics of the solid phase is obtained.

1. The PDF equation. The equations of motion for a single solid particle have the form

dRpi//dt = V}.i (t) (1.1)
AVpi/dt = v, (U, R, 8) — Vi) + Fi (R, ) + fi (R, 0) {1.2)

where R,; and V¥, are the coordinates and velocity of the particle, U, (x,t) is the velocity
of the carrier flux, T, is the dynamic relaxation time for the particles in the Stokes approxi=
mation, F,(x,%) is the bulk force acting on the particle, (for example, the force of gravity),
and fi (x,t) describes the random force imparting Brownian motion to the particle. Egq.(1.2)

is written on the assumption that the density of the fluid phase is substantially smaller than
the density of the material of the particle, so that forces governed by the pressure gradient

in the fluid and the adjoining mass, and also the Bass force in the particle equations of
motion, can be ignored. The heat-exchange equation for a single particle has the form

db,/dt = 167 (B, (R,, 1) — O,) (1.3)
where @, is the particle temperature, ©;(x,?) is the temperature of the carrier phase, and
79 is the thermal relaxation time.

Expressions (1.2) and (1.3) are Langevin equations in which the random field of Brownian
forces is considered to be independent of the turbulent velocity fluctuations in the velocity
and temperature of the carrier phase.

We will represent the velocity and temperature of the fluid phase in the form of the sum
of averaged and fluctuating terms:

Up(x,8) = U (x, 8> + uy (x, 8), <uy (x,8) =0
6, (x,2) = (B; (x,1)> + 0, (x,2), B, (x, ) =0
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We introduce a PDF for the particles with respect to coordinates, velocity and temperature:
O (x, V, 0,8 == 8 {x — RV — V)80 — 6, (1.4)
The averaging is carried out over samples of the turbulent fluctuation field and the

random force field f. Differentiating {1.4) with respect to time, using Egs.(1.1)-{1.3} and
the properties of the §&-function, we obtain

agf» + i.';;a—ggl :u X [((UQ + T F e — V(D] + (1.5)
75 [((@) — ) (] = — 73— [ @ + oy ] =+ Z o

To obtain a closed equation for (®) it is necessary to find expressions for the
correlations (u,®), (@), and (B,d), To this end we consider the fields u, £ and 0 to be
Gaussian, using the Furutsu-Novikov formula /9/

20 B [zD) =  dxi Gz (02 (> (0 (1.6)

where z(x) 1s a stochastic process in x space, R[z] is a functional of the stochastic
process 2 and §R/8z is a functional derivative.
By (1.6) and {(1.4) we have

w®) = {dx, 3 5 Gt (x2, B e, ) (TRt o (1.7)
{ax

B, D> = S deS dE (B (x4, &) 8; (x, 1)) < oe: (x5, B F 1)> +
°

B e LB

St

§ e § e oy, .81, (>
o

3 (x, V,8,1) >

<@ = {dx | a8 Cfixn ) Fo(x ) (G20 (1.8)
° 1

where, for example, the functional derivative of @ with respect to the function u;(x;, §) has
the form

30 (x, V.8, 1) 8 . OR,0 a W e 86, (1)
Su (xn®) 0%, Bu(xn B 0V, Su(xn B 8 du (xn &) (1.9

The functional derivatives of @ with respect to other random functions can be expressed
similarly. To compute functional derivatives with respect to particle coordinates, velocity
and temperature, we will write the equations of motion and heat exchange of a single particle

in the integral form

S
Rut)= R0+ dev,.0 (1.10)
L]

£
Ve () =V, (0) exp (_‘ ‘T{:) + r_iu SJE exp (_ t:—-—g) X
[ u
[U4(R, @) 1) + T PRy 85+ s Ry ©) )]

8,() = 6, () exp [— ) - iSdgexp(— =) e R 0 8)

g
0

We apply the functional differentiation operator &MBu;(x;, §) to {1.10). Taking into
account the fact that Suy (x, £)/8u, (x;, &) = 8;0 (x — x)8 {¢ — &), the causality principle /9/ and
the independence of the initial values of the particle coordinates, velocity and temperature
from the random fields, we obtain a system of integral equations for finding the functional

derivatives:
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It follows from (1.7) that a closed expression for (u,®@) can only be obtained for a
random field u(x,{) that is §-correlated in time:

Qg (Xg, £)uy (Xgy £9)> ~ 8 (2, — t,)

because in this case there are funtional derivatives at § =t in the expression for <(u,d>.
In the general case the autocorrelation function for turbulent fluctuations has a finite decay
time. Here it is necessary to use an approximate solution for system (1.11). We introduce
the parameter & = l/L, where [ = Tzu (Ts is the characteristic decay time for the time
correlation of the carrier flow and wu is the characteristic value of the velocity fluctuations
of the carrier flow), and L is the length scale for variations in the averaged quantities. In
the case when &< { the inhomogeneity of the turbulent flow, to within terms of the order
of & can be taken into account using the first-order approximation to the system (1.11) /10,
11/
8V _. (1) 6 —
ST = o (— b — R, ()
SR, (5 36 (1)
g = Oult—ex(— )b — R, @), Tty =0

Similarly, to within terms of order &® one can compute the functional derivatives of the
particle velocity, coordinates and temperature with respect to the temperature fluctuations
of the carrier phase. As a result we obtain expressions for the correlations (up®) and(9,P)

((D>

8 <Dy s
— Quu Uy 6<V Qeu(eluo (1.12)

a (D)
ug®@) = — 7,80, {uuy) Bz

<D <D
D) = — gon (B2 55

— que {Br1ed —5— v,

— Tuud <elui>

The functional derivative of @ with respect to the temporally &-correlated random field
f is equal to

i = {8 §ax i 0x,1) 1 0, ) IRl = w2502 (1.13)

where D is the Brownian diffusion coefficient of the particles.
The coefficients ¢ and g are found from the relations

: (1-14)
+{a exp(— g)<m Ry (2, 8) 2 (%, 1)) = G (X0 8) ety (%, )y (, )
(1]
7 Y[ 1 oxp (=5 ] ot R 00, D 0, 0> = g, (5, 0 3 ) (1)
0
i
1—19 S dE exp (—%) O (Rp (B), B) i (X, 1)) = Gou (%, £) (B (X, £) ths (X, £)
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dE exp (—— t—TTe—E) O3 (R, (), £) By (x,0)) = gop (X+ 1) B (X, 1) 01 (x, 1))

@
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PR R

dE (exp — 5) <ty (R (B), B) B (%, 1)) = quo (%, 2) COL(X, )y (X, 1))

As can be seen from formulae (1.14),the entrainment coefficients g and q of the particles
in the turbulent fluctuations of the carrier phase and determined by the Lagrangian fluctu-
ation correlations of the characteristics of the carrier phase computed along the particle
trajectories. The two-point correlation moments which occur in expressions (1.14), as in /12,
13/, are approximated by the step function

R @B uy () GR € B uy (x> y (R (), §) Oalx, (1)
Cuyitg> - (exu,i> - (61ui> - (1.15)
B (R, (), §) 6 (x, 1)) ,{ Lo t—EI<T,
@®s% B t—¢>T1,

Here T, is a characteristic interaction time for the particles with the turbulent field,
given in the form

T .. g (RELE U, (x, 1)
7= far e
0

?
To a first approximation the time T, can be taken to be equal to the integral time-scale
for the turbulence. Using (1.15) we obtain from (1.14) the following expressions for the
entrainment coefficients of particles in the fluctuating motion

fuw = que = 1 — exp (—1/,), gee = qou = 1— exp (—1/82)
= Guo = 1/Q, — 1+ exp (—1/Q,), Q = 1,/Tp, Qo = 16/T,

Substituting expressions (1.12)-(1.13) into (1.5), we obtain a closed equation for the
PDF of the particles in the turbulent flow:

LA +v,,ﬁ% + o (W0 + F— V(@] + (1.16)
55 (B2 — 0) (D] = fuu Wit g T+

L i + = 6‘“ g+ e guo <O T+
(B2 2 )<91m> S + 5 10 O T

Integrating Eq.{1.16) with respect to temperature, we can write down the equation for the

particle PDF with respect to coordinates and velocity (@y (x,V,?)) = Sde (P (x,V,6,1))

3Dy 1
Vi—ga g (KU + Fe— Vi ()] = (1.17)

9 <(Dy>
ot +

3 (@ 1 / Dbik 2Dy
Fuw sty —grp— + 5 (Quu Chattnd -+ )W

For laminar flow ({usu;) = 0) Eq.(1.17) reduces to the Fokker-Planck equation for Brownian
particles /14/. For highly inertial particles Q, > ! (fuu ~ 1/Q%, Guy ~ 1/8,) Eq.{(1.17) agrees
with the PDF equations obtained in /1/. We note that the PDF equations in /1/ can be obtained
assuming temporal &-correlation of the carrier flow's turbulent velocity field fluctuations.

2. Equations for the moments. We define the averaged number denisty, velocity and tem-
‘perature of the discrete phase

(N (x, )y ={avie @&, Vv, 6,1
N (%, XV, (x, )} = § dVAOY, (@ (x, V, ©, 1)
N (x, )8, (x, 1)y = § dVdee (® (x, V, 8, >
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In this system of notation for the momem:s, the PDF Eq.{1l. 16) can be conveniently written
using variables x,v, 0, and t, (where v =V — (V) and 0 =0 — (B, are the velocity and
temperature fluctuations of the discrete phase):

2O 1 iy S — (202 + (Ve

(a © | (52 ;90) Frs + ‘11“ {((Uo + Fy—Vp)<Pd] +
K "

200\ 2@ @4
) vy -

1
< a—el(<91> LB D] — T (D> ~--,—9—-9<¢‘> +
3¢y I gy a@p 3O _
s Bz, — Uk dx, v, — Pk 3z, 89

a (V 8 (D>
— Tufuu Wil —7;—) m"”;""x

1 D
17_ (Quu <““fuk> +
3 <3:> (@ (D>

-% (Qee B> — Tugus (91%) g T Guu {Usi) "5?731_ +
T

)+

Integrating Eg.{2.1) over velocity space and temperature, we obtain an equation for the
averaged particle number density

g ) e [—(gua (B> — Tutun CButt)

f] <e y 4] 3y
(geu Oty — TuBuu {Hilt) —5, )} 7,58

ANy d 7N 2.2)
—at—-l‘——"axk V=0 (2:2)

Multiplying (2.1) by v; and integrating over velocity space and temperature, we obtain
an equation for the average velocity of the solid phase

V Iy a b 8ln <N
I 4 v T T = (U = V) — Do olor (2.3)

Dy = w ({ow) + Bun (g}

where (v >{(N) mgdvdev,vk (D> is the Reynolds stress tensor appearing in the solid phase as
a result of the particles participating in the fluctuating motion, and D, is the turbulent
diffusion coefficient of the particles.

From Egs.{2.2) and(2.3) we have adensity balance equation (of hyperbolic type)

N 8Ny | (2.4)

Ty 28 T

i [T+ Pt mmi v + TO T | )=

[(Dm + T, Vi (V) E ]

We note that the scattering process for the passive admixture is described by diffusion
equations of parabolic type, for which the concentration of admixture at any instant of time
even at an infinite distance from the source of the admixture (for diffusion in an unbounded
medium) is non-zero. 1In the case of the scattering of an admixture of inertial particles the
concentration of particles is localized in space, as a consquence of the hyperolic nature
of Eq.(2.4).

Multiplying Eq.{(2.1) by 8 and integrating over velocity space and temperature, we obtain
an eguation for the average temperature of the solid phase

8 (Bp> a<9> "<9»vx> _ x a1n (V>
s+ Vo . i ((91> —L8y)) — e 95,

Dk = g (B0 + Tuguo Brux)

where (B0 0(N> :dedeevk {®> is the turbulent heat flux appearing in the solid phase as a
result of particle entrainment in the fluctuating motion, and D,® is the coefficient of
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turbulent thermal diffusion.

Multiplying (2.1) by wvw;, Oy, and 6% and integrating over velocity space and tempera-
ture, we can write down equations for the second moments of the velocity and temperature
fluctuations of the discrete phase:

5<vv P 6<uiv].> 1 d(Ulijk> (N>
—r— + Ve ,,Ik + 5 o, + (2.5)
1 2D6,;;
<U1Uk> (Ujvk> [29uu Quidsy + ——+—
ll u
Uy el N
Tuguu ((u{u,& g T Uy~ — 2 <U'lvj/J
L] (Bgv,‘> a (0.!74) 1 a <92v v V> ( {>
at + Vi) 9z, + N> (?IA + 8y —— -+
a <8 1 a <V
Qw528 = <= dun ) — usun oy —5z= — @] + (2.6)
4 <9
—-[Qeu Oy — Tuttu ey 520 — O |
a<9 > a<e 1 0Bl <N> 5<9>
VD Sy e 2B T = (2.7)
a8
[qee <612>—rugue Oy 20 ~<922>]

oy (NY = S dedvv,v,vk«D}
By Ny = § avaod o, (0>
<Btvyy (N = § oo, (@)

where (v, {Ovivx), and (B,%v;) are third moments of the velocity and temperature fluctu-
ations of the discrete phase.

In the case of statistically stationary turbulence, and assuming small gradients in the
averaged quantities, (2.5)-(2.7) imply the following relations between the second moments of
the velocity and temperature fluctuations of the solid and carrier phases:

D
;) = quu dt> + —— 6y 2.8y
Ty9ue T Telou
Oevyp = :e—+ree {Byu;>

(8,%> = goe <6,

From expressions (2.8) it is clear that small particles Q,, Q¢ <€ 1 are completely
entrained in the fluctuating motion of the carrier phase (¢->1), whereas large (inertial)
particles do not participate in the fluctuating motion (g — 0).

3. The approzimation of stationary, homogeneous and isotropic turbulence. 1In this case
Qugig) = gebyy, (Biuy) = 0 (the velocity and temperature fields are not correlated with one
another). It follows from (2.1) that the PDF for isotropic turbulence becomes a product of
the normal velocity and temperature distributions

o (3.1)
)

3 /s 3t 1
<(D> = <N>( dng "e) exp(-—— 4quue ) (2"990 <31'>)'/’ exp ( 2900 @

For small particles (¢— 1) expression (3.1) becomes the PDF for the velocity and
temperature of the turbulent carrier flow. The normal distribution for the PDF of velocity
fluctuations of single-phase turbulent flow is established, for example, in /15/, while in
/4/ it is shown that the normal law satisfactorily describes the distribution of admixture
concentration and temperature in non-intermittent domains. As the particle inertia increases,
distribution {3.1) tends to a §-function:

nhm (D (x, ¥, 6,8)5 = (NS (V — (V (x, 1)) §(8 — (8, (x, 1))
PN
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TRIPLE-WAVE POTENTIAL FLOWS OF A POLYTROPIC GAS*

S§.V. MELESHKO

A system of equations describing triple-wave solutions for unsteady
isentropic potential flows of a polytropic gas was derived in /1/. A
family of exact triple-wave solutions of the equations of gas dynamics
with three arbitrary functions of one argument was constructed in /2/
for 1<<y< 2. Some applications and properties of this family were
studied. 1In this paper we show that the triple-wave equations of /1/
are a system in involution and depend on one arbitrary function of two
arguments.

1. The equations of motion of polytropic gas in the unsteady isentropic case can be
written in the form

du/dt + V0 = 0, db/dt + %0 divu = 0 (1.1)
0 =c*u, x=vy—1>0, ddt = /0t + u,d/éz,
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